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An identity generalizing the Prager-Synge relationship [1, 2] in linear elasticity
is deduced for a certain class of nonlinear elasticity laws. It permits estimation
of the energy norm of the difference between some statically admissible stress
field o and the true field ¢°, as well as between some kinematically admissible
displacement field u and the true field u®, in terms of the energy norm for the
diffefence between the fields ¢ and o (u) (o (u) is the stress field generated by
the field u). By using this identity, under definite constraints, it is proved that
the root-mean-~square value (over the volume of a plate) of the error in the solu-
tion of the plate equations derived from the volume problem by means of the
Kirchhoff hypothesis, does not exceed ch', where ¢ is a constant and & is the
relative thickness. The Prager-Synge relationship {1, 2] was used in [3, 4] to es~
timate the error in linear shell theory, The results are related to [1— 7].
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1. Let the specific strain energy be [8]
A (e) =" K (e0)* + 4, () (1.1)

e = {ey} &o="s(eur), B = 2l;'e;)' ), & = e;;— 8%,
ﬁere & is the strain tensor, e, is the mean elongation, ¥, is the shear strain intensity,
6,7 is the Kronecker delta, K is the modulus of volume expansion, A, (t) is a func-
tion given for ¢ e [0, oo) which is twice differentiable and satisfies the conditions
Ay =dAy/dv =0, ©=0, 4G, < d*4,/ dv® < 4G, (1.2)
Ve [0, o)

Gy, Gy > 0 are constants constraining the limits of variation of the shear modulus,
Let us introduce the notation

@ b) = aiby, |a|=(a, a) (a = {ay}, b= (b}
Lemma 1, Under the conditions (1.2) the function A4 (e) is strictly convex, and
moreover, for any ¢ = {g;;}, &' = {e;;') the estimates
ple—elP < (VA (e) —VA (), e—e) <xle—e'|® (1.3
VA (e) = {04 (e) / d&;;}, ¥ = min {3K, 2G,}
» = max {3K, 2G,}
vie—e || VA () — VA (&) | Cx|e— ¢ (1.4)
are valid.

Let an elastic body occupy a domain V of the variables (z;, s, Z3) and let S be
the piecewise-smooth boundary of the domain V. We consider the following elasticity

problem:
u = (uy, Uy, Ua), & (W) =27 (u;; + ue), e () = (e W} (1.5)
o = {0y} = V4 (¢) (1.6)
0i,; T Fi =0, i=1,23 (1.7
ogn; =F;, i--1,2,3 on Sp (1.8)
u; =0, :1=1,2,3 on §,, S =8¢ S, (1.9

From (1. 3) the elasticity law (1. 6) is uniquely reversible ; it is known from [9] that an
inverse mapping is given by using the dual function 4 * (o)

e = VA* (6) = {04* (0) / d0;;} (1.10)
where if & and ¢ are connected by the relationship (1. 6) or (1, 10), then
A* (0) + A (e) = (o, #) (1.11)

It can be verified that
A* (6) = (2K) (50" + Aa2* (295)
Op = Y5 (03), Wo = (270004, 0y = 0y — 80,
(here A,* (1) is the dual function of A, (7)) and the following inequalities are valid

for any g, o!
x1|o — ol |2 < (VA¥ (o) — VA4* (¢!), 0 —0?) <ylle —ot|? (1.12)

x| 6 — ol | VA* (6) — VA* (6) | <y |o— o' (1.13)



Energy identity in physically nonlinear elasticity 293

Let € = L, (V) be the tensor field, then from (1.4),(1. 13) the elasticity law (1, 6) is
a one-to-one conformal continuous mapping comparing the field 6 & L, (V) to every
e = L, (V) ; the inverse mapping (1. 10) is also continuous,

Theorem 1 [10— 12] (minimum total energy principle). Let

he Ly (V), Fie L, (Sp), i=1,2,3 (1. 14)
We introduce the space H of admissible displacement fields and the total energy func-

tional
Tl = fulu= (g w, v W EWR (D), =0 on 8, i= (L1
1, 2, 3}
D(w= | A(e@)dV — { fauav — § Fuds (1.16)
v Sg
Then there exists a single field u® providing the minimum of the functional @ (u) in
the space H.
W
¢ assime P=c (), o=VA(E) (1.17)
then for any field u &= H the identity
S,(Go’ e(u)dV = j fiwidV + sj FudS (1.18)
%
is valid, "

Definition 1. We call the field ¢ = {0;;} statically admissible if 6 L,(V),
0;; = Gj; and the identity

V(o e)av = { uav + | Fads (L19)
v v Sp
is valid for any u = H.

The set of statically admissible fields will be denoted by P and ¢° & P from
(1.18).

Note 1. If the field ¢ is statically admissible in the ordinary sense,i.e, o;; are
differentiable and satisfy the equilibrium equations {1.7) and the boundary conditions
(1.8),then o is statically admissible in the sense of the Definition 1,

Lemma 2. Theset P isconvex and closed in L, (V).

Proof, The convexity of P is evident, let us prove it closed, i.e. we prove that if
the sequence ¢™ = {0;;"} belongs to P and converges to some field 6* = {0;;} in
L, (V) as n—> oo ,then ¢* & P. Since ¢” & P, then 0;;" = 65" and from the
condition | 6" — o* [1,v) — O there follows that 0;;* = 6;;*.

We: substitute ¢” into (1. 19) and pass to the limit as n — oo for fixed u, we obtain
that o* satisfies the identity (1, 19),i.e. o* & P,

Theorem 2 (Castigliano's principle). We introduce the additionalstrain
energy functional E* (o — g A* (0)dV (1.20)
v
Then there exists a single stress field providing the minimum of the functional E* (o)

on P, namely the field 0°, and the following equality is valid
O (v°) = — E* (¢°) (1. 21)
Proof. From (1.12) the operator VA* (6) is coercive in L, (V), from which
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{13] the existence and uniqueness of the minimum follows. Let us prove that the field
©° satisfies the identity o
i (VA* (6°),6 — 0°)dV = 0 (1.29)

for any ¢ & P . In fact, from (1. 17) — (1. 19)
i (VA* (0°), ¢ — 0°)dV = i (6%, 6 — %) AV —

[ fweav + { Fucas — (e, 0% av =0
i Sp v
From [13], the identity (1. 22) is a necessary and sufficient condition for the minimum,

From (1. 17), (1. 11),(1. 20) and (1. 18)
D (%) = i (— 4*(0%) + (0°, &) dV — i fusfdV — | Fuds =

Sp

— E*(0) + | (° &%) aV — i fudV —  Fufds = — E* (o)
v SF

Theorem 3. let 0 & P and u = H, we set

o (u) = V4 (e (u)) (1.23)
The identity
E*(@©) —E*(6°) + D (u) — D (u°) = E* (0) —E* (6 (0)) — (L.24)

{ €, o—ow)av

is valid. "

Proof. Because of (1,21) it is sufficient to prove that

®u) = — £* (o () — | (), 0 — o (w) aV
From (1. 13), (1. 11) and (1, 16) v ‘
@ (u) = — E*(o(u)) + Q(e (u), & (w)) dV — j,fz-ufdv —

n

Sj FaudS = — E* (o (u) + i(s (u), o (u)) dV — [(s(u), o) dv

F
this latter equality follows from (1. 19).
Note 2. For the linear elasticity law i
E* (6) — E* (0°) = E* (g —0°), @ (u) — @ (u°) = E* (0 (u) — 0°)
B* (o) — E* (0 w) — | (e (w), 0 — o (@) &V = E* (s —o (w)

and the identity (1.24) agrees witlythe Prager-Synge relationship {1, 2]
E* (6 — 0°) + E* (6 (u) — ¢°) = E* (6 — 0 (w)
and the identity (1. 24) agrees with the Prager-Synge relationship [1, 2].

Note 3. The identity (1.24) is valid under weaker assumptions than (1. 1), (1.2),
for example it can be assumed that 4 (e} = 4; (&) + 4 (§,), where 4, (1), 4, (1) are
strictly convex continuously differentiable functions satisfying the conditions

Ai=dAd;j/dt=0,1=0,i=1,2 (1. 25)

et T <l A < e+ dt Y, i =1,2
ai, ¢ }" Ov bi, di > 0 == const, 1 < Pa “< P
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For example the function
A4 (e) =" K (20)* + a3 (9)?, 1< p<2
satisfies the constraints (1.25), Here p; = 2, ps = P-
The identity (1, 24) is true even if 4 (2) is a continuously differentiable strictly con-
vex function, 4 = VA = 0, T = 0 and the following inequalities are satisfied
—a+beP<(VAE),e)<<ctdlel’
a, ¢>0,b,d>0=const, p >1

Lemma 3, Let 6 & P, u e H. Under the conditions (1. 2), the estimates
1 1
510 — 0 fouvy + 2 (@) — & Jan < —lo—o() [ty  (1.26)

can hold.

Proof. The inequalities . (0 1 .
E*(0) — E*(0°) > |0 — o°[tyv) (127

@ () — @ (u) > —- [ (w) — eym

follow from (1. 12), (1.3) and Theorem 10, 4 [13]. Since the mappings VA (&) and
VA* (o) are reversible, then & (u) = VA* (o (u)), hence

E* (0) — E* (o (u)) — i (e(u),s — o (u)dV = (1.28)

E* (o (n) 4 t(oc —o(u)dt — S (VA* (6 (u)),6 — o (u))dV =
v

8=

@t (V4% (0 (1) + 1 (0 — 0 (w))—VA* (0 (), t (G—o()AV<

\4

1 1
“rlt@—o ) [Lan dt < s lo—a() fL.vy

Do D DI

The inequality in (1. 28) follows from (1. 12), while (1. 26) follows from (1. 27), (1. 28)
and (1. 24).

2, The plate equations, Letus consider the flexure of a rigidly clamped,
constant-thickness plate, symmetrically loaded by a load applied to the upper and lower
faces, The plate occupies the domain

Va={(x,23) | x =(2;,2,), x=Q, —d<z3<d}

Here Q2 is the middle plane, [/ is its characteristic dimension, 24 is the plate thick-
ness, h = 2d /I is the characteristic relative thickness, then S, is the side surface of
the plate in (1,7) — (1. 10),(1. 14) — (L 6), Sp = Q* {J Q~, where Q*, Q" are the
upper and lower faces of the plate

fi=fh=fs=0, F;=F,=0 on Sr (2.1
Fsg=F"/2 on QY F3g=—F"/2 on Q
It is emphasized that the normal load F® in (2. 1) depends on A,
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Let us derive the plate equations by using the Kirchhoff hypotheses. We introduce the
notation: if a = {a;;} isatensor, j, j =1, 2, 3, then a = {a;, a3}, where

81 = (ag1, 12y Qoy, Qg3), Ay = (ay3, a3y, a3, Ggg, Q33) (2.9

If the tensor a is provided with some superscript, then a,, ag are provided with the same
superscript, for example al", az" correspond to the tensor a" = {a; st} according to
(2.2).

Let us write the elasticity law (1. 6) in the form

0A (21, &) 34 94 94 94
0; = = 2,3
1 de1 {aau ? dee ' den ’ 0822} (2.9
G — 0A (&1, &) — { 0A 0A A4 0A A
2 de2 — |0eis ' Best ' dess ' Oesp aess}

We set @, = 0 in (2. 3) according tothe Kirchhoff hypotheses, and analyze (2. 3) for
fixed &, as a system of equations in &;. Using (1.3) and (1.4) we can show that this sys-
tem is uniquely solvable for any &, and its solution &, (81) has the form

€ (81) = (01 0; 0, 0, Q (81)) (2.4)
where @ (gl) is continuous and satisfies the constraints
[Q () [ <%/ v|e] (2.5)

2
(&1, &) = Z eii'eij, |81 = (&4, e,)
1, j=1

Substituting (2.4) into 4 (2), we obtain a function of four real arguments

D@E)=A4(@k, 0, 0, 0, 0, Q(g)) (2.6)
We use the Kirchhoff kinematic hypotheses according to which
(X, xg) = —w,; (x) x5, i =1,2, usz(x, ) =w(x) (2.7
Substituting (2. 7) into (1. 5}, we obtain
g W)= —nwaz, pw= ( g:fz J azjg)m ’ 32:awx1 ’ Z::g ) (2.8)

Replacing A (e (u)) in(1.16) by D (e, (w)) and substituting the hypothesis (2. 7) into
the linear part of (1. 16) by taking account of (2. 1), we obtain the total energy functional
thi
of a thin plate ¥, (w) = V D (— n(w)zg) dxdzy — XF”wdx
vy Q
Lemma 4, D () istwice continuously differentiable, strictly convex and for
any &, &' the following estimates are valid:

v/ie,—&"[2<<(VD (8) — VD (), & — &) < (2.9
n|e —eglt|?

VD (e;,) = {0D / ey, 0D / 0¢qy, OD [ Ogyy, 0D / Ogyy}

(81 = {en, €12y €1, 8o0)}y 8" = {E1), 2157, €5, €s0'})

Also valid are the equalities
D (—e) =D (&) (2. 10)
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VD (e,) = 04 (&, 0, 0, 0, 0, Q (1)) / 92, (2.11)
Let T’ be the boundary of Q; we introduce the space of admissible deflections
W2t (Q) ={w|lwe W2 Q). w=208w/don =10 on }

Theorem 4. There exists a unique function w" & W,%0 () which provides the
minimum of the functional ¥ (w) on W,%° (Q).

Because of Lemma 4, the proof follows from [14].

We introduce the notation

& = {6:2}, 61" =g (wh) = —n (wh)x3, 62” = & (Glh) = (2.12
©, 0, 0, 0, Q (8,")
ot = {a;!}, e"=VD @G, a=0 (2.13)

According to (2. 12), (2. 13), the tensors 8", a? yield the strain and stress in the plate
equations, There follows from (2. 11),(2. 13) and the definition (2. 4) that

at = 0A (8,7, 8;1) / dey, ag® = O — A (8", 8,%) / B,

ah =V A (8 (2.14)

8. Error estimates of the plate equations, The idea for obtaining the
estimates borrowed from [3, 4], is that two fields are constructed by means of the solu-
tion yh, 8", & of the plate equations: the statically admissible stress field 0 &= P
and the kinematically admissible displacement field u & H,where the norm of the
difference ¢ — ¢ (u) will admit of an explicit estimate in terms of the parameter 4
and the derivatives of w", and moreover, (1. 26) is applied.

Let us make the change of variable z3; = hz, then the domain V, is mapped into the
domain V; = {(x, 2) | x&E Q, —1/2 << z<C1/2). If the function g is given in
Vh, then we shall denote the function g given in V, by the formula g(x, z) = ¢ (x,

hz) by the same symbol @. Evidently

19y, = 2P @ ]L.va (3.1)

The final estimates will be obtained in the norm of L, (V,) (and not L, (V})), since
the norm in Ly (V;) does not depend on A.
The function wh satisfies an identity for any w & W% (Q)

{ (VD (— p (") 25), — 1 (w) 5) dxdzs = | Prwdx (3.2)
V, Q

i,e,,

Substituting 4p =h w" into (3. 2), using (2. 9) for &,' = 0 and integrating (3, 2) with

respect to x3, we obtain 9 h

= (*d® §‘ (1 (wh), u (@wh) dx QS Fhwhdx .5
0 :

The estimate ¢
v wao < o5 1 F* laon 3.9
follows from (3. 3) and from the imbedding theorems [15]. Here and henceforth the sym-
bol ¢ denotes different constants which are independent of A.

The estimates

| K
187 fravo <=5 1 F zaens 10Mzave) << =5 D P g (3.5).
Th Tk
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follow from the definitions (2. 12), (2. 13) and (3. 4), (2. 5), (2. 14),(1.4),(3. 1). Let F"
be representable as F* = p2gh and

" qh "L.(ﬂ) < cq1 cq = CODSt (3. 6)
Then estimates with constants independent of A follow from (3.4) — (3. 6)

14
W e < 5 €

4 [iz.4
—Cp 0" Lo < — Ca

uéh "Lz(Vt) \<; T

We propose more, namely, let w" & C* (Q°) (§2° is the closure of the domain Q), §",
ah & C? (Vye) and estimates with constant cp independent of 4 are valid

c
h F 3.1
“w "ct(gc)< TR (3.7
823"
| F h Fo | Oy | o CF 3.8
lﬁ'ti I<'_,r_1 |61],n|< 7 ? axnaxm X T ) ( )
i,.j=1,2,3, n,m=14,2
h Aep h ACp 62ai’1h Ap .. —1.2 (3.9
Iaij '<"‘?—, laij,ﬂ,l< Y ) 6:5“37:'" < P N i, ], n.Mm=1, .

Theorem 5, Let [' &= C~, A (e) satisfies (1, 1),(1.2) and A, (P.) as a func-
tion of the nine real arguments &;;" is quadruply continuously differentiable with re-
spect to e;;' and the following estimates are valid

9342 (1b,) M, ,
— << T , G k.s,m,n=1,2,3, M= const
de;;0e, 08, + P
O (%) k 1,2,3, M
T oA e i, k.s,m,n,p,g=1,2,9, = const
92,08y Demnde,, My Biks P4 :

lq" | cveey g ¢ = comst

Then w", 8", a” satisfy the constraints (3, 7) — (3. 9).

The proof is not presented because of its awkwardness, we just note some fundamental
points,

From (3. 2) the function w"is a generalized solution of a quasi-linear fourth order dif-
ferential equation in the domain Q

2 a
N _"’a_[g _wxad%]dm (3. 10)
2d

1o 97407 g5
w=0w/on=0 onT

Sufficient condition for which the generalized solution of (3. 10) is regular are known
from [12, 16, 17]; using the conditions of Theorem 5, it can be shown that (3. 10) sa~
tisfies these sufficient conditions, from which we obtain that w" is a classical solution
of (3.10),i.e. w" & C*(Q°), and satisfies (3. 10); furthermore, using the definition
of the fields 8", o and the conditions of Theorem 5, we can prove (3.7) — (3. 9).
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An example of the elasticity law satisfying the conditions of Theorem 5 is

A, ($) = 2G, (P)?[1 + Gy (Pe)2(1 + G, ()7

Henceforth, compliance with (3, 7) — (3. 9) is assumed.
We construct a statically admissible field 6 = {o;;} "close" to a". We set
2

o R i 7 —
Gij = iy LI=12, 6,3 = 65 = — S 2 Sijyi (X, T)dr, i=1,2 (3.1
—d j=1
® 2
Ogg = —652] c3i,i(x, T)d‘l.’ (3_12)
i=

The stresses g, are obtained from ¢, by integrating the equilibrium equation (1.7). We
verify that the field ¢ satisfies the boundary conditions (1.8) on Q*, €. From (2. 10),
(2. 12),(2. 13) the stresses 0, are odd in g, hence 0;3 = G3; are even inzg, { = 1, 2,
and 0;3 =03, =Qon QF, Q~, i =141, 2 from(3.11).

The stress 033 is odd in x3,hence

2533 (X d - S 2 631,1(){ T) d‘t’ =
Sqi=1
: 3§ (X, 23)
(d— ) 2 6x 9%; —Bwor =
:7—1

d
3
. ¢ oD (=) m)
—p " )
2 az‘ax [S _“38-- 8 xadxs]zi’h
1,)=1 et} i)

from which 033 (X, &~ d) = + F"/2, therefore, 0 = P,
From (3. 11),(3. 12),(3. 9) we obtain (mes V is the Euclidean measure of the domain

)

*ep (mes QyV

h
10— & leyv,) =00 v,y < —“TL (mes V)t R (3.13)

We construct the field u & H so that e (u) "differs slightly" from 8" namely, let

us set Ui (X, 23) = —w ;" (x)x2;, i=1,2, (3.14)
us (X, 75) = wh (x) + o (x) H* (x, 3)
‘lf)h (X, xa) = jl 5:;3 (X, T) drt (3. 15)
0

Here 1), (x) is a smooth function finite in Q , equal to unity in the subdomain Q, (€2,
consists of points at a distance more than p from the boundary) and such that

0 ()<L, [V (x)[<<el/p (3. 16)

According to condition (3.8) 835" is continuously differentiable with respect to z,,
Ty, hence u & H and it follows from (3. 14), (3, 15),(2. 12) and (2. 8) that;

g (u) = 8", L7=1.2. gy(u)=ey(u) =1, O+ N0 i=1.2
£g5 (1) = 1, (%) 835
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From (3.8) and (3.15), | 0" | Chlcr /vy, |9, | < hler /vy, i =1, 2, thenwe
obtain because of (3, 16)

[ i3 () | <Cheery 1 (p™ + 1), xX&EQ, | &3 ()| <epy™?
X Egp, izi’z

Hence
ce F

i (W) vy <<= (07" + 1) Rvpe - B2 f,f— (I mes Q) (3.17)
The functions €53 (u) and 835" agree for X & Qp, hence we obtain from (3. 8)
ce
| 2aa (W) — 83 v,y < —— Kot (3.18)
We set p = h, then it follows from (3, 17) and (3. 18) that

2 . o co
fe(w)—8" Jrugv,y= {2 2 lis @) [hucv,y + [ ess(w)— Shifwp ) < ——h (3.19
=1
It also follows from (3. 19),(2. 14) and (1, 4) that
CRC
[0 @) — & v < ——T-‘“‘- h (3. 20)
and from (3, 13) and (3. 20) that

Jo (@) —efvy<< =

Cp
—h (3.21)

Using (3. 21), (1. 26) and (3. 1), we obtain the final error estimates of the solution of the
plate equations (as before, €°, 6° is the solution of the spatial problem of elasticity)

3fs N
Jo° —atrvo e (-;ﬁ-) ephts
Je' — 8" v e :?2— crh'

REFERENCES

1. Prager,w. and Synge,J.L,, Approximations in elasticity based on the con-
cept of function space. Quart, Appl, Math, , Vol, 5,N2 3, 1947,

2, Synge,J.L., The hypercircle in Mathmatical Physics, Cambridge Univ, Press,
1957,

3. Koiter, W, T., On the foundations of the linear theory of thin elastic shells, Proc,
Koninkl. Nederl, Acad, Wet. , B, Vol, 73, N2 3, 1970,

4., Koiter, W. T., On the mathematical foundation of shell theory. Actes Congrés
Internat, mathém, , Vol, 3, Gautier~Villars, Paxis, 1871,

5. Morgenstern, D,, Herleitung der Plattentheorie aus der dreidimensionalen Elas~
tizitits Theorie. Arch Rational Mech. and Analysis, Vol.4, N 2, 1959,

6. Berdichevskii, V, L., An energy inequality in the theory of plate bending.
PMM Vol. 37, N2 5, 1973,

7. Shoikhet, B, A, , On asymptotically exact equations of thin plates of complex
structure. PMM Vol, 37, N2 5, 1973,

8. Kauderer, G., Nonlinear Mechanics, Izd. Inostr, Lit. , Moscow, 1961,

9. loffe, A, D, and Tikhomirov, V. M., Duality of convex functions and
extremal problems. Uspekhi Matem, Nauk, Vol, 23, N¢ 6, 1968,



Energy identity in physically nonlinear elasticity 301

10, Lagenbach, A,, On some nonlinear operators of elasticity theory in Hilbert
space, Vestnik Leningrad Univ. , Ser, Matem. , Mekhan, , Astron. , N2 1, Issue 1,1961,

11. Dinca, G., Sur l1a monotonie d'aprds Minty-Browder de 1'opérateur de 1a théorie
de plasticité, C, R, Acad, Sci., Paris, Ser. A et B, Vol. 269, N2 13, 1969,

12, skrypnik, I, V,, Nonlinear Higher Order Eliptic Equations, "Naukova Dumka",
Kiev, 1973,

13. Vainberg, M. M, , Variational Method and Method of Monotonic Operators in
Nonlinear Equation Theory. "Nauka", Moscow, 1972,

14, Lagenbach, A,, Elastisch-Plastische Deformationen von Platten. Z. angew.
Math, und Mech. , Vol. 41, N2 3, 1961.

15. Sobolev, S, L, , Applications of Functional Analysis in Mathematical Physics,
(English translation), American Math, Society, Vol. N¢ 7, Providence, R, I, , 1963,

16. Ned&as,J., Sur la régularité des solutions faibles des équations elliptiques non-
linéaires, Comment, Math, Univ. , Carolinae, Vol, 9, N¢ 3, 1968,

17, Agmon, S., Douglis, A. and Nirenberg, L., Estimates near the Boundary
of Solutions of Elliptic Partial Differential Equations with General Boundary Con-

ditions, Izd.Inostr, Lit. , Moscow, 1962, Translated by M. D, F.

UDC 539,374
ANALYTICAL INVESTIGATION OF THE UNLOADING WAVE

PMM Vol. 40, N2 2, 1976, pp.327-336
S. D, ALGAZIN and V, S, LENSKII
{Moscow)

(Received January 2, 1974)

In the general case, the determination of the unloading wave shape [1] in the the-
ory of elastic plastic wave propagation is reduced to the solution of a functional
equation of complex structure. A characteristics method [2] is proposed for the
approximate construction of the unloading wave, in particular loading cases for-
mulas are obtained to determine its initial slope [3] and the next derivatives at
the initial point [4 — 6]. An investigation of the general properties of an unload~
ing wave is given in [7]. It is shown that as the load tends to zero asymptotically,
the unloading wave at the end of a semi~infinite bar has an asymptote with a
slope determined by the elastic wave velocity.

An investigation of the functional equation is given in this paper and a method
of solution of this equation in the form of a power series is proposed. This ap-
proach to the problem permits obtaining both known and some new results, In the
general loading case, formulas are obtained to determine the initial slope of the
unloading wave and a method of determining the next derivatives at the initial
point is indicated. Conditions are found for linear hardening for which the un-
loading wave is a straight line. The existence of an asymptote different from
those mentioned in [7] is proved; it is shown how to continue the solution to ad-
jacent sections by means of some known section, and an unloading wave in a
material with delayed yielding is investigated.



